Abstract. We show that twisted monomial Gauss sums modulo prime powers can be evaluated explicitly once the power is sufficiently large.
Introduction
For a multiplicative character χ mod q and f (x) ∈ Z[x] we define the twisted Gauss sum S(χ, f (x), q) := q x=1 χ(x)e q (f (x)) where e q (x) = e 2πix/q . We are concerned here with evaluating these sums when f (x) = nx k is a monomial and the modulus is a prime power q = p m with m ≥ 2. If (q 1 , q 2 ) = 1 and we write the mod q 1 q 2 character as a product of mod q i characters χ i , then straightforwardly (1) S(χ 1 χ 2 , nx k , q 1 q 2 ) = χ 1 (q 2 )χ 2 (q 1 )S(χ 1 , nq
Hence it is usually enough to consider the case of a prime power modulus S(χ, nx k , p m ). Obtaining satisfactory bounds, other than the Weil bound [17] , remains a difficult problem when m = 1 (see for example Heath-Brown and Konyagin [9] ). For higher powers though, methods of Cochrane and Zheng [3] can often be used to reduce the modulus of an exponential sum and sometimes evaluate the sum exactly.
When the modulus q is squarefull, i.e. p | q ⇒ p 2 | q, and (2nk, q) = 1, Zhang and Liu [18] consider the fourth power mean value of |S(χ, nx k , q)|, averaged over the characters χ mod q, (2) χ mod q S(χ, nx k , q) 4 = qφ 2 (q)
(their formula contains an additional factor when there are primes p | q with (k, p − 1) = 1 due to an apparent miscount in their Lemma 5) . In the quadratic case, S(χ, nx 2 , q) , He and Zhang [7] obtain similar exact expressions for the sixth and eighth power means when q is squarefull and coprime to 2n, making the conjecture, subsequently proved by Liu and Yang [10] , that (3) χ mod q |S(χ, nx 2 , q)| 2 = 4 ( −1)ω(q) q −1 φ 2 (q), ω(q) := p|q 1, for any integer ≥ 2. Similarly Guo Xiaoyan and Wang Tingting [6] consider power means averaged over the parameter n for quadratic and cubic sums, again q squarefull with (2n, q) = 1 and (6n, q) = 1 respectively, showing that for any real ≥ 0,
q n=1 (n,q)=1 |S(χ, nx 2 , q)| 2 = 2 (2 −1)ω(q) q φ(q), when χ is the square of a primitive character mod q (and zero otherwise), and when χ is the cube of a primitive character mod q (and zero otherwise). These average results all generalize to arbitrary monomials nx k and arbitrary real power means as we show in Corollary 1.1 below.
Actually, the methods in Cochrane and Zheng [3] can be used to evaluate the individual sums S(χ, nx k , p m ) directly when m ≥ 2, (p, 2nk) = 1, with no need to average. The approach of Cochrane and Zheng involves finding a set of non-zero critical points α satisfying a congruence, which in this case takes the simple form
(with the integers r and c defined in (17) below), and reducing the exponential sum to a sum of exponential sums, S α , over the x ≡ α mod p . When the critical points have multiplicity one the S α can be evaluated explicitly. For example if f (x) = x then as observed in Cochrane and Zheng [5, §9] the critical point congruence is simply rx + c ≡ 0 mod p. So for p odd and m ≥ 2, if χ is imprimitive there is no critical point and S(χ, x, p m ) = 0, while if χ is primitive there is one critical point of multiplicity one and
with R the p-adic integer R := p −1 log(1 + rp) (a small adjustment is needed in (9) in the case p = m = 3, see (20) below, and more generally in [3, Theorem 1.1(iii)] when p = m−t = 3). The same formula (7) occurs in Mauclaire [13] with α * defined by χ(1 + p m/2 ) = e p m/2 (−α * ) when m is even and
when m is odd. Mauclaire also deals with the case p = 2 in [14] . A variation of (7) was obtained by Odoni [15] (see also Berndt, Evans and Williams [2, Theorems 1.6.2-1.6.4]).
Moreover (due to the straightforward relationship between the α satisfying (6)) for general f (x) = nx k , (2nk, p) = 1, m ≥ 2, the S α arising in Cochrane and Zheng's method will, with a little work, still simplify down to a single term of modulus (k, p − 1)p m/2 . When p | k though the critical points are multiple roots so the method is not directly applicable. However we show here that Cochrane and Zheng's method can be adjusted to deal with p | k. Additionally our approach reduces to finding a single solution of a certain characteristic equation (18) or (19), avoiding the need to sum as with the original S α .
Working mod p m we write
and define
Analogous to the squarefull condition in [6] , [7] , [10] and [18] we shall assume that
Theorem 1.1. Let p be an odd prime, χ be a character mod p m and suppose that (10) and (12) hold.
If χ is the dp t -th power of a primitive character mod p m and an appropriate characteristic equation (18) or (19) has a solution then
Otherwise S(χ, nx 
and when χ is a dp t -th power of a primitive character mod p m ,
The corresponding results for composite moduli (including (2-5)) then follow immediately from the multiplicativity (1). Since Theorem 1.1 shows that the |S(χ, nx γp t , p m )| can assume only one nonzero value, power means are somewhat artificial here, with (14) and (15) amounting only to a count on the number of non-zero cases (we include them for comparison with results in the literature and to emphasize that the restriction to certain integer power means is unnecessary).
The condition (12) is appropriate here. For t ≥ m the exponent reduces by Euler's Theorem and as shown in the proof of Theorem 2.1 (see (27)) when m = t+1 the sum is zero unless χ is a mod p character, in which case it reduces to a Heilbronn type mod p sum
).
For m = 2 and d = 1 these are the classical Heilbronn sums, bounded using the Stepanov method by Heath-Brown [8] and Heath-Brown and Konyagin [9] , extended by Puchta [16] and improved by Malykhin [11] to deal with
We note that their methods would allow the inclusion of a mod p character χ.
Obtaining exact values seems unlikely for these types of sum. In [12] Malykhin considers the general case m > 2, for example obtaining
.
We have assumed here that p n. If p | n and χ is a primitive character mod p 
Preliminaries
Suppose that p is an odd prime and a is a primitive root mod p l for all l. We define the integers r(l), p r(l), by
and the integers r and c by
Note that χ is a primitive character mod p m if and only if p c. We first observe that S(χ, nx γp t , p m ) = 0 if χ is not a γp t th power of a character. An alternative proof of this result will occur during the proof of Theorem 2.1 below.
Lemma 2.1. For any odd prime p, multiplicative character χ mod p m and integer n, the sum S(χ, nx
we have z k = 1 and
for some integer c . So χ is the (k, φ(p m ))th power of a character mod p m . Solving the linear equation
for some integer c 1 we can equivalently write
and χ = χ k 1 where χ 1 is the mod p m character with χ 1 (a) = e (c 1 /φ(p m )).
If χ is the γp t th power of a character χ 1 and c 1 an integer such that
then our final characteristic equation will take one of the two following forms (depending on the size of t relative to m).
Case II: When 2t + 2 < m
where
Expressions simplify slightly in Case II if we use the stronger congruence
except for p = 3, m = 3, t = 0 when we need c 1 + r 3 nx γ ≡ −3c 1 r 
and so one can always reduce to a monomial nx dp t with d | p − 1, though we shall not assume this here.
Theorem 2.1. For p an odd prime, t ∈ Z, t ≥ 0, let
Case I: Suppose that t + 1 < m ≤ 2t + 2. If χ is a dp t -th power of a primitive character and the characteristic equation (18) has a solution α then
Otherwise, S(χ, f (x), p m ) = 0. Case II: Suppose that 2t + 2 < m. If χ is a dp t -th power power of a primitive character and (19) has a solution then
where α is a solution of (20), and r and are as in (17) and (8) .
Note in Case II we can use a solution α to the weaker congruence (19) if we include in (22) an additional factor
2 ) where, writing c 1 + r 2 nα
Here and throughout x −1 denotes the multiplicative inverse of x mod p m .
Proof of Theorem 2.1
We start by rewriting the sum in terms of our primitive root a S(χ, nx
We
Case I: Suppose that t + 1 < m ≤ 2t + 2. We let u = 1, ..., dp
e cu dp m−1 e p m na
Since 2(t + 1) ≥ m the binomial expansion gives
and the inner sum becomes dp m−1 u=1 e u(c + r 1 p t γna γp t v ) dp m−1 = dp If this equation has a solution α = a v0 we take I to be an interval containing v 0 . Solutions v to (25) must then satisfy a 
e cu dp m−1−s e p m na
Expanding binomially, observing that 3(t + s + 1) ≥ m, we obtain
and the inner sum becomes dp We now let w = 1, ..., dp 2t+s+1 and y = 1, ..., p m−2t−2s−2 , noting that m − 2t − 2s − 2 ≥ 0 with equality only when m = 4, t = 0. Hence if u = wp m−2t−2s−2 + y we again sum over dp m−s−1 consecutive integers and we can split the u sum as a product S 1 (v)S 2 (v) of a y sum and a w sum, where
and
Now S 2 (v) = dp 2t+s+1 if (29) c + γr 2 na p t γv p t ≡ 0 mod dp 2t+s+1 , and S 2 (v) = 0 otherwise. So again we must examine when (29) has solutions. Right away we see that in order to have a solution p t ||c and d | c, so our congruence reduces to
where c = c dp t , p c and χ is a dp t th power of a primitive character. 
So we have only the solution v = v 0 in I and so by (28) with as given in (8) .
Thus by (32)
if χ is a dp t th power power of a primitive character and c +γ r 2 nx
has a solution α, and S(χ, f (x), p m ) = 0 otherwise. Replacing c ≡ c 1 γ mod
. Thus we obtain (22) with the additional factor (23). It remains to show that if we use a solution α to (19) satisfying the stronger congruence (20) then this additional factor is 1. Plainly we can assume that 2(s + t + 1) < m ≤ 3(s + t + 1) and m 2 ≤ 2(s + t + 1) with equality only when s = t = 0 and m = 3. We first note that 
In 
and choosing h with λ + r From Theorem 2.1 we know that if S(χ, nx γp t , p m ) is non zero then χ must be a dp t th power of a primitive character mod p m , and there must be a solution to a characteristic equation (26) or (31), (34) c + r γ nx
where c = c dp t < φ(p m ), (nc , p) = 1, and r and κ depend on the range of t. If such is the case then |S(χ, nx γp t , p m )| = dp τ . Thus to prove Corollary 1.1 we simply count the χ (i.e. count the c ) or n that give us solutions. Writing in terms of our primitive root x = a v , −r γ n = a vo , c = a v1 , (34) becomes,
which is equivalent to
This linear congruence in v has a solution when
So we have φ(p κ ) dp min{m−t−2,t} values of c mod p κ (or likewise values of n mod p κ ) that yield solutions.
Note that c ranges from 1 to
c s that will allow a solution to our characteristic equation, and (14) is clear. Similarly n ranges over the terms relatively prime to p from 1 to
giving (15).
We now examine the case when p = 2 and m ≥ 6, giving sums of the form
where χ is a character mod 2 m , n and γ are odd, and t ≥ 0. Since x 2 m−2 ≡ 1 mod 2 m for any odd x we shall assume that
When dealing with these sums the methods are nearly the same except that we need two generators, a and −1, to generate all of Z * 2 m . Even so, this case is actually simpler computation-wise. As for odd p we can also immediately say that S(χ, nx k , 2 m ) = 0 unless χ = χ k 1 for some character χ 1 mod 2 m . The proof of this is almost the same the proof of Lemma 2.1 (we get the same relation for χ(a) and, when m > 2 and the second generator −1 is needed, taking z = −1 in the same argument gives χ(−1) = 1 if k is even).
Here we write χ(a) = e c 2 m−2 and define the odd integer r and when t ≥ 1 the odd integer r 1 by
We will have S(χ, nx We first evaluate the sums 
Proof. e na
S(n) =
So as in our previous cases we end up with a sum over a full set of residues and the inner sum is zero unless
In order to have a solution plainly c = 2 t c for some odd c , reducing our congruence to c + nrγa
Thus S(n) = 0 unless we have a solution α = a v0 to our characteristic equation (36). We take I to be the interval v 0 , v 0 + 2 . Plugging these in, using that a
for some odd r when m ≥ 6, and expanding binomially, we get
)e 2 m (na .
We note that a when p is odd, p n and χ is a multiplicative character modulo p m . When p = 2 an additional factor of 2 is needed. Cochrane and Zheng [4] 
